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t¯We present a theoretical study of the quasiparticle and subgap conductance of generic X/Isf/SM
junction with a spin-filter barrier Isf , where X is either a normal N or a ferromagnetic metal F and
SM is a superconductor with a built-in exchange field. Our study is based on the tunneling Hamilto-
nian and the Green’s function technique. First, we focus on the quasiparticle transport, both above
and below the superconducting critical temperature. We obtain a general expression for the tunnel-
ing conductance which is valid for arbitrary values of the exchange field and arbitrary magnetization
directions in the electrodes and in the spin-filter barrier. In the second part we consider the subgap
conductance of a normal metal-superconductor junction with a spin-filter barrier. We provide a
heuristic derivation of new boundary conditions for the quasiclassical Green’s functions which take
into account the spin-filter effect at interfaces. With the help of these boundary conditions, we show
how the proximity effect and the subgap conductance are suppressed by spin-filtering in a N/Isf/S
junction, where N is a normal metal. Our work provides useful tools for the study of spin-polarized
transport in hybrid structures both in the normal and in the superconducting state.
PACS numbers: 72.25.-b, 74.78.Fk, 74.45.+c
I. INTRODUCTION
Over the last decade, there has been a growing interest in studying superconductor/ferromagnet (S/F ) hybrid
structures. On the one hand, this interest is due to the progress in technology that allows a controllable fabrication
of nanohybrid structures using a wide range of superconducting and magnetic materials. On the other hand, this
interest is due to the discovery of new and interesting fundamental phenomena, as for example the so-called pi−state in
S/F/S junctions Josephson1–9, and more recently the long-range proximity effect mediated by odd-frequency triplet
superconducting correlations in S/F structures10–17 (for an overview see Refs.18–22).
The triplet superconducting correlations can carry spin-polarized supercurrents, i.e. currents without dissipation,
that can be exploited in several ways in spintronics devices20. In this context, the use of tunnel barriers with
spin-dependent transmission, the so-called spin-filters, may be desirable for the creation of such spin supercurrents.
Spin-filters are tunnel barriers with spin-dependent barrier height. They have been used for decades to generate
polarized currents in spintronic circuits23,24.
In spite of numerous works devoted to the theoretical study of S/F structures, the study of the spin-filter effect in
connection with the transport properties of S/F structures still remains open. For example, in Ref.32 the transport
properties of an S/F junction was calculated by using the Blonder-Tinkham-Klapwijk formalism33. This analysis
was extend in other several works27–31,34,35 for S/F and S/F/S junctions in the ballistic and diffusive limit by taking
into account spin-active interfaces between the F and S layers25,26. In particular, the results for the diffusive limit
presented in those works have been obtained by using the boundary conditions for the quasiclassical Green functions
derived in29. However, as we will show in section IV, these boundary conditions cannot describe the spin-filter effects
and hence, none of the above mentioned works addressed the question how the spin-filtering affects the proximity
effect in S/F structures. Only recently, we have analyzed36 the effect of spin filtering on the Josephson current through
a SF/Isf/FS junction. It was shown that even in the case of a highly spin-polarizing barrier, a Josephson junction
can flow provided the magnetizations of the F layers are non collinear. The results of Ref.36 have been obtained from
a model that combines the tunneling Hamiltonian and the quasiclassical Green’s functions, and provide a plausible
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FIG. 1: A generic tunnel junction Xl/Isf/Xr. The left and right electrodes, Xl and Xr, are either a ferromagnet F , normal
metal N or a superconductor SM with a built-in exchange field h. The layer Isf is a spin-filter barrier. α and β are the
orientation of the exchange field in the left and right electrodes.
explanation for a recent experiment on spin-filter Josephson junctions37. Note however, that the model used in Ref.36
assumes exchange fields to be smaller than the Fermi energy and therefore cannot be straightforwardly generalized
for the case of strong ferromagnets.
In the current paper, we present a general theory for the conductance through different hybrid structures with
spin-filters as barriers, arbitrary values of the exchange field and arbitrary directions of the magnetization in the
barrier and in the electrodes. We start with the model used in Ref.36 and extend it to dissipative tunnel junctions.
In the first part we focus on the study of the quasi-particle current and derive a general expression for the tunneling
conductance. This expression recovers well known results in particular limiting cases and predicts new effects related
to the mutual orientation of the magnetizations. We study the tunneling conductance of different junctions like
F/Isf/F , HM/Isf/HM , and F/Isf/S (HM stands for a ferromagnetic half-metal). In the second part we focus on
the subgap transport through a N/Isf/S junction using the quasiclassical formalism. In order to quantify the effect
of spin-filtering on the proximity effect we need to generalize the existing boundary conditions29,38 (BCs) for the
quasiclassical equations. Accordingly, we present a heuristic derivation of new BCs which account for the spin-filter
effect. These boundary conditions can be used in a wide range of problems involving superconductors, ferromagnets
and spin-filter tunnel barriers. As an example, we study the subgap conductance of an N/Isf/S junction and show
its suppression due to the spin-filter effect. Thus, our work provides on the one hand a new powerful tool for the
theoretical study of spin transport in hybrid structures and on the other hand general expressions for the conductance
that can be used for the interpretation of a broad range of experiments on spin transport through spin-filters.
II. MODEL
We consider two type of junctions, first a generic tunnel junction Xl/Isf/Xr as the one shown in Fig. 1. The
left and right electrodes, Xl and Xr are either ferromagnetic F or a superconductor SM with a built-in exchange
field h. The layer Isf is a spin-filter barrier, i.e., a spin-dependent tunneling barrier. The second type of junction we
considered, is a N/Isf/S spin-filter junction between a normal metal (N) and a conventional superconductor (S). Our
first aim is to derive a general expression for the current in both structures. For this purpose, we use the well known
tunneling Hamiltonian method, which has been used in several works on tunneling in superconducting junctions (see
the books39–42 and references therein) and in systems with charge- and spin-density waves44,45. The Hamiltonian
consists of the Hamiltonians of the left (right) electrodes and the tunneling term
H = Hr +Hl +HT . (2.1)
For the electrodes we consider the general Hamiltonian
Hl =
∑
p,s
ξpa
†
psaps +
∑
p
(
∆a†p↑a
†
−p↓ + h.c.
)
−
∑
p,s,s′
a†ps(hln.σˆ)ss′aps′ , (2.2)
3where aps(a
†
ps) is the annihilation (creation) operator of a particle with momentum p and spin s, ξp is the quasiparticle
energy, ∆ the superconducting gap, σ = (σ1, σ2, σ3) is a vector with the Pauli matrices, hl the amplitude of the effective
exchange field and n a unit vector pointing in its direction. Similar Hamiltonian can be written for the right electrode.
The HT term in Eq. (2.1) describes the spin-selective tunneling through the spin-filter barrier Isf and is given by
HT =
∑
{n,s,p,p′}
(T σˆ0 + U σˆ3)ss′ a†psbp′s′ + h.c. (2.3)
where a and b are the operators in the left and right electrodes respectively, T and U are the tunneling spin independent
and spin dependent matrix elements, respectively. For simplicity we neglect the momentum dependence of T and U ,
assuming that the characteristic energies are much smaller than the Fermi energy and that by tunneling the electrons
are scattered randomly. The tunneling amplitude for spin up(down) is given by the relation: T↑(↓) = T ± U . The
origin of the different tunneling amplitudes might be, for example, the conduction-band splitting in the ferromagnetic
semiconducting barrier which leads to different tunnel barrier heights for spin-up and spin-down electrons23,24.
In order to write the equation of motions for the Green’s functions it is convenient to write the tunneling Hamiltonian
(2.3) in terms of new operators defined in an enlarged space (spin⊗particle-hole). These operators are defined as:
An,s =
{
as for n = 1
a†s¯ for n = 2
(2.4)
where s = 1, 2 is the spin up (down) index and s¯ implies the change 1↔ 2. In analogy one introduces the operators
Bn,s for the right electrode. By using these operators the tunneling term (2.3) can be written as
HT =
∑
{n,s,p,p′}
[Aˇ†p (T τˆ3 ⊗ σˆ0 + U τˆ0 ⊗ σˆ3) Bˇp′ + h.c.] (2.5)
where Aˇ = An,s and Bˇ = Bn,s. The Hamiltonian (2.2) transforms to (see, for example, Ref.
19)
Hl =
∑
{n,s,p}
Aˇ†pHlAˇp, (2.6)
with Hl = ξpτˆ3⊗ σˆ0 + (∆τˆ1 ⊗ σˆ3 + h.c.)− hlτˆ0⊗ σˆ3, for a exchange field directed along the z-axis. One can take into
account an arbitrary direction of the exchange field (or magnetization vector64) by means of a rotation in spin-space.
We assume throughout this work that the transport takes place in the x-direction while the magnetization vector of
the ferromagnets lies in the junction plane, i. e., the (y, z)-plane. A rotation in plane is described by the matrix
Rˇα = cos(α/2) + iτˆ3 ⊗ σˆ1 sin(α/2) , (2.7)
where α is the rotation angle.
In order to calculate the tunneling current through the generic junction, we first write the Dyson equation for the
Keldysh Green’s functions Gˇl, for instance, in the left electrode
i∂tGˇl = 1 + ΣˇlGˇl + HˇlGˇl (2.8)
Here Σˇl =
∑
q ΓˇGˇr(q)Γˇ
† is the self-energy part39,43–46 related to the tunnel Hamiltonian (2.5), Gˇr is the full (non-
quasiclassical) Green’s function in the right electrode and Γˇ = T τˆ3 ⊗ σˆ0 + U τˆ0 ⊗ σˆ3. In the following we restrict
our analysis to the lowest order in tunneling. In this case the Green’s function Gˇl is determined by Eq.(2.8) after
neglecting the second term on the r.h.s. The exact form of Gˇl is given in Eq.(3.1).
We proceed as usual subtracting from the Eq.(2.8) (prelimenary multiplied by τˆ3 from the left) its conjugated
equation multiplied by τˆ3 from from the right:
i(τˆ3∂tGˇ+ ∂t′Gˇτˆ3)l = τˆ3ΣˇGˇ− ˇGˇΣˇτˆ3 + τˆ3GˇHˇl −HlGˇτˆ3|l . (2.9)
If we now multiply the Keldysh component of this equation by the electron charge e, set t = t′, take the trace and
sum up over momenta, we obtain on the l.h.s the time derivative of the charge, ∂tQ. Thus, the current density j
through the barrier is then determined by the first two terms in the r.h.s.
IT = − e
32pi
∑
p,q
∫
d
2pi
Tr
{
τˆ3 ⊗ σˆ0
[
ΓˇαβGˇr(q, )Γˇ
†
αβ , Gˇl(p, )
]K}
(2.10)
4where Γˇαβ ≡ Rˇ†αΓˇRˇβ , and we have defined Γˇ after Eq.(2.8). The Green’s functions Gˇl,r correspond to the case of
the magnetization vector oriented parallel to the z-axis. We expressed the Green’s functions Gˇlα(p, ) for arbitrary
magnetization orientation through the matrices Gˇl,r as follows: Gˇlα(p, ) = Rˇα
∫
d(t−t′) Gˇl0(p, t−t′) exp(i(t−t′))Rˇ†α.
In the case that the energies involved in the problem are much smaller than the Fermi energy, one can perform
the momentum integration in Eq.(2.10) and the current can be written in terms of quasiclassical Green’s functions
gˇlα = (i/pi)τˆ3 ⊗ σˆ0
∫
dξpGˇlα(p, )
ITRN = [16e(T 2 + U2)]−1
∫
dTr
{
τˆ3 ⊗ σˆ0
[
Γˇαβ gˇr()Γˇ
†
αβ , gˇl()
]K}
(2.11)
where Γˇαβ = Γˇαβ τˆ3 ⊗ σˆ0. The resistance RN = [4pie2Nl(0)Nr(0)(T 2 + U2)]−1 is the junction resistance in the
normal state, i. e., the resistance of an F/Isf/F junction with parallel orientation of magnetization along the z-
axis, Nl,r(0) = (pFm/2pi
2)l,r are the density of states (DOS) at the Fermi level. One should have in mind that by
going over to the quasiclassical Green’s functions we lose the spin dependence of the DOS in the normal state. In
that case the retarded (advanced) Green’s functions gˇ
R(A)
l,r in the ferromagnet have a trivial structure in spin-space,
gˇ
R(A)
F = ±τˆ3 ⊗ σˆ0, so that the normalized density of states is the same for spin up and down. This approach is valid
for electrodes with small spin-splitting at the Fermi level, and was used for example in Ref.36 for the calculation of
the Josephson current through a S/Isf/S junction. However, if the spin-polarization of the electrodes at the Fermi
level is large enough one has to use Eq.(2.10) in order to compute the current. This is done in the next section, where
we calculate the conductance of a F/Isf/SM and a F/Isf/F junction.
III. THE CONDUCTANCE FOR JUNCTIONS WITH ARBITRARY EXCHANGE FIELDS
In this section we consider junctions of the type F/Isf/F and F/Isf/SM , where F is a ferromagnet and SM
describes either a thin FS bilayer47 or a superconductor with an induced spin-splitting field due to the proximity
of the magnetic barrier Isf
48. We are interested in arbitrary strength of exchange field and therefore we have to go
beyond quasiclassics and use Eq. (2.10) for the current. We assume a bias voltage V between the electrodes setting
the electric potential in the superconducting electrode equal to zero (Fig. 1). In the tunneling limit the junction under
consideration can only carry a normal (quasiparticle) current, which is determined by the normal Green’s functions
Gˇl,r. These are diagonal in spin space with diagonal elements given by
GˆRr±(p) =
(± + iγ)τˆ0 + ξpτˆ3
(± + iγ)2 − (ξ2p + ∆2)
(3.1)
where ± =  ± hr, ξp = (p2 − p2F,r)/2mr and γ is a damping in the excitation spectrum of the superconductor due
to inelastic processes or due to coupling with the normal metal electrode. The corresponding Green’s function in the
left (F ) electrode has the same form if we set ∆ = 0 and replace the index r by l. As usual, the advanced Green’s
function GA is defined in a similar way with the opposite sign of the damping term, −iγ. The full Green’s function
in a superconductor has the form GˇRr = Gˆ
R
r ⊗ τˆ0 + FˆRr ⊗ τˆ1, where GˆRr = GRr0σˆ0 +GRr3σˆ3, GRr0,3 = (GRr+±GRr−)/2, and
FˆRr is the anomalous (Gor’kov’s) Green’s function. Using the fact that the normal part of matrices Gˇr,l are diagonal
in the spin and particle-hole space, we can represent the current, Eq. (2.10) in the form
IT =
pie
2
[(Nn↑ +Nn↓)l(Nn↑ +Nn↓)r]
∫
dnV ()Tr
{
τˆ0 ⊗ σˆ0
[
Γˇαβ νˇl()Γˇ
†
αβ νˇr()
]}
(3.2)
where nV () = {tanh[( + eV )/2T ] − tanh[( − eV )/2T ]}/2, and T is the temperature. The matrices νˇl,r() are
related to GˆRr±(p) via νˇ() = (i/2pi)(N0↑ +N0↓)
−1∑
p[Gˇ
R(p) − GˇA(p)], and can be written in the form: νˇl,r±() =
[ν0()τˆ0 ⊗ σˆ0 + ν3()τˆ3 ⊗ σˆ3]l,r with νˆ0,3() = [νˆ( + h) ± νˆ( − h)]/2. It is useful to write the coefficients ν0,3() in
terms of of the DOS for spin up and down, N↑,↓: ν0,3 = (N↑ ±N↓)/(Nn↑ +Nn↓), where Nn↑,↓(0) are the DOS at the
Fermi level in the normal state of ferromagnets. The matrices Γˇαβ which describe the tunneling probability are given
by
Γˇαβ = T τˆ3 ⊗ σˆ0 cos(α− β
2
) + U τˆ0 ⊗ σˆ3 cos(α+ β
2
) + iT τˆ0 ⊗ σˆ1 sin(α− β
2
)− U τˆ3 ⊗ σˆ2 sin(α+ β
2
) (3.3)
Substituting these expressions into Eq.(3.2), we find for the normalized conductance
Gαβ(V ) ≡ RF dIT /dV = (1/2e)
∫
d(dnV /dV )Yαβ() , (3.4)
5where the spectral conductance Yαβ() is defined as
Yαβ() = {ν0lν0r + [T
2 cos(α− β) + U2 cos(α+ β)]
(T 2 + U2) ν3lν3r + 2
T U
(T 2 + U2) [ν0lν3r cosβ + ν3lν0r cosα]} . (3.5)
and the resistance RF is defined as RF = [pie
2(Nn↑ +Nn↓)l(Nn↑ +Nn↓)r]−1.
Equations (3.4-3.5) are one of the main results of the present paper. They determine the conductance of the generic
junction of Fig. 1 in a quite general situation, since they are valid for arbitrary exchange field, spin-filter strength and
angles α and β. At low temperatures (T  ∆) one can evaluate the energy integral in Eq. (3.4) obtaining a simple
expression for the normalized conductance
Gαβ(V ) =
Yαβ(eV ) + Yαβ(−eV )
2
. (3.6)
We now proceed to consider different types of junctions and calculate the conductance with the help of the last
expressions.
A. Junctions with non-superconducting electrodes
Let us first consider junctions in the normal state. For example in a N/Isf/F junction the left electrode is a normal
metal with no spin-polarization, therefore ν3 = 0 and ν0 = 1. From Eq.(??) we then obtain
Y
(NF )
αβ = 1 + PbPr cosβ , (3.7)
where we have defined the polarization of the electrodes as Pl(r) = (N↑,l(r)−N↓,l(r))/(N↑,l(r) +N↓,l(r)). We have also
introduced the quantity Pb = 2T U/((T 2 +U2)) = (T 2↑ −T 2↓ )/(T 2↑ +T 2↓ ), which is a measure for the spin-filter efficiency.
The quantity Pb equals zero for spin-independent transmission coefficient and equals one for a 100% spin-filter effect.
Eq. (3.7) shows that in the presence of a spin-filtering effect (Pb 6= 0), the conductance depends on the relative angle
β between the magnetizations of the F electrode and the spin-filter barrier.
In the case of a F/Isf/F junction we obtain a general expression for the spectral conductance
Y
(FF )
αβ = 1 + PlPr
[T 2 cos(α− β) + U2 cos(α+ β)]
(T 2 + U2) + Pb[Pr cosβ + Pl cosα] , (3.8)
In order to make a connection with the effect of tunnel magnetoresistance we define the relative conductance change
as
TMR =
G00 −G0pi
G0pi
. (3.9)
Thus, for the F/Isf/F junction one obtains
TMR = 2
Pr(Pl + Pb)
1− Pr(Pl + Pb) + PbPl . (3.10)
If we assume that there is no spin-filter, i.e. Pb = 0 then Eq. (3.10) leads to the well-know Julliere’s formula
62.
Now we consider ferromagnetic electrodes with collinear magnetizations. We distinguish two magnetic configura-
tions: the parallel one P, i.e β = α and the antiparallel configuration AP, β = α + pi. In Fig.(2) we show the
conductance of a junction with Pl = Pr in these two cases. In the P configuration the conductance is 2pi-periodic and,
depending on the angle α, it is larger or smaller than in the non magnetic case. The largest value of the conductance
is obtained when the magnetizations of the electrodes and the barrier are parallel. In the AP configuration the
conductance is pi-periodic and it is always smaller than in the non magnetic case. It is interesting to note that in
the case of a fully polarizing barrier Pb = 1 and perpendicular magnetization of the ferromagnets with respect to Isf
(α = pi/2), the conductance equals 1 of a non-magnetic junction for arbitrary value of the spin-polarization of the
electrodes and for both configurations P and AP (see panels (b) and (d) in Fig.(2)).
If the junction consists of two half-metallic ferromagnets (HM) then Pl,r = 1 and from Eq. (3.8) one obtains
Y
(HM)
αβ = 1 +
[T 2 cos(α− β) + U2 cos(α+ β)]
(T 2 + U2) + Pb[ cosβ + cosα] , (3.11)
60 1/2 1 3/2 20.5
1
1.5
G
α
α
0 1/2 1 3/2 2
0.5
1
1.5
G
α
α
0 1/2 1 3/2 2
0.92
1
α/pi
G
α
α
+
pi
0 1/2 1 3/2 2
0.96
1
α/pi
G
α
α
+
pi
0.3
a) b)
c) d)
0
0.8
1
ρb = 0
Pl,r = 0
0.2
0
0.3
0.20.8
1
FIG. 2: The normalized conductance Gα,β for a Fl/Isf/Fr junction as a function of the magnetization orientation. Panel (a):
the parallel (P) configuration (i.e β = α). Panel (b): the antiparallel (AP) configuration (β = α + pi). The polarizations in
the left (right) electrodes Pl,r are:Pl = Pr = 0.2 (panels (a) and (c)). The parameter characterizing the spin-dependent barrier
transmission Pb equals Pb = 1 (panels (b) and (d)).
It is clear from this expression that the conductance of a non-magnetic barrier (U = 0) vanishes if the magnetizations
of the left and right electrodes are antiparallel (β = α+ pi).
If α = β = 0 and α = β = pi, the spectral conductance is given by
Y
(HM)
00,pipi = 2(1± Pb) (3.12)
As expected, the conductance of the HM/Isf/HM junction with a barrier impenetrable for one spin direction vanishes
if the magnetization in the left and right electrodes are antiparallel with respect to the magnetization of the barrier.
B. Junctions with one superconducting electrode
We consider now a F/Isf/S junction and calculate the conductance of the system using Eqs. (3.4-??). In the
superconducting electrode ν0,3,r() = [νr( + hr) ± νr( − hr)]/2, where νr() = /
√
2 −∆2. Here hr is an effective
exchange field induced in the superconductor by the proximity of a thin F-layer (as in a F/Isf/FS junction) or by
the proximity of the magnetic barrier Isf itself
48. In this case ν0l, ν0r and ν3l are even functions of  and ν3r is an
odd functions of  (in the quasiclassical approximation). Only the first and last terms of Eq. (??) contribute to the
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FIG. 3: The voltage dependence of the ratio G˜ = Gpi/4,pi/4/G0, where Gpi/4,pi/4 is the normalized conductance for a F/Isf/SM
junction with fixed polarization in the ferromagnetic electrode (Pl = 0.5) and fixed angles (α = β = pi/4), and G0 is the
normalized conductance for a F/Isf/SM junction with zero polarization in the ferromagnetic electrode (Pl = 0), zero exchange
field in the superconductor (hr = 0) and no spin-filter effect (Pb = 0). In panels (a) and (b) at zero temperature and in panels
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0
c is the critical temperature for hr = 0. In panel (a) hr = 0.2∆0 and Pb = 0, 1. In panel (b)
hr = 0, 0.2, 0.4∆0 and Pb = 0.8. In panel (c) hr = 0.2∆0 and Pb = 0, 0.8, 1. In panel (d) hr = 0, 0.2, 0.4∆0 and Pb = 0.8. By
calculating the curves we have added a small γ = 0.01∆0 damping factor.
integral in Eq. (3.4). Thus, the spectral conductance Yαβ() can be written as follows
Yαβ()
(FS) = ν0r (1 + PbPl cosα) . (3.13)
This equation, as well as Eq. (??), resembles the Slonczewski formula63. It generalizes the latter for the case of a
superconducting electrode and a spin-filter barrier.
In Fig.3 we show the conductance for the F/Isf/S junction obtained from Eqs. (3.4, 3.13). One can see the splitting
of the conductance peaks at eV = ±∆±hr due to the finite exchange field hr in the superconducting electrode. Note
that by increasing the temperature the peaks smeared out and are more difficult to recognize. From Figs 3a and
3c one can see that the values of G in the normal state, i.e. the asymptotic values for V  ∆, depends on the
polarization of the barrier, in accordance with Eq. (3.7).
8IV. SUBGAP CONDUCTANCE IN N/Isf/S JUNCTIONS: EFFECTIVE BOUNDARY CONDITIONS
In the previous sections we have calculated the conductance of different junctions in the tunneling limit. In other
words, the Green’s functions in the left and right electrodes have not been corrected due to the proximity effect.
However, it is well known that the proximity effect in N/S structures induces a condensate in the normal metal
which causes a subgap conductance in N/S junctions52,53. In order to quantify the proximity effect we need boundary
conditions that take into account the spin-filtering at the N/S barrier. Surprisingly, in spite of many works on N/S
and F/S structures such boundary conditions are absent in the literature25–31,55,56. In order to fill this gap we present
here a heuristic derivation of the boundary conditions at SM/Isf/SM interface which can also be used for N/Isf/S
or S/Isf/FS interfaces.
We consider the diffusive limit and write down the Usadel-like equation for the Keldysh function gˇK in the SM
electrodes
−D∂x(gˇ∂xgˇ)K − [iτˆ3 ⊗ (σˆ0− σˆ3h(x)) + ∆τˆ2 ⊗ σˆ3, gˇK ] = 0 (4.1)
We assume that the exchange field h differs from zero only in a thin enough layer of thickness dF  ξh. This allows us
to integrate Eq.(4.1) over the thickness dF considering the Green’s functions gˇ
K to be constant in this narrow layer.
Performing this procedure at x > 0, we obtain for the ”spectral” matrix current IˇK()
IˇK() ≡ (gˇ∂xgˇ)K |x=dF = iκh[τˆ3 ⊗ σˆ3, gˇr(l)] + IˇKT (4.2)
where κh = hdF /D. The latter term describes the tunneling current. The charge current density, for example, in the
right superconductor is given by
I = (σr/16e)
∫
dTr
{
τˆ3 ⊗ σˆ0[gˇr∂xgˇr]K
}
(4.3)
This current equals the tunneling current given in (2.11). Therefore one can assume that
IˇKT =
κT
T 2 + U2
[
Γˇαβ gˇlΓˇ
†
αβ , gˇr
]K
(4.4)
where κT = 1/(σrRN), σr is the conductivity of the right S electrode in the normal state, and RN is the interface
resistance in the normal state per unit area.
Equations (4.2) and (4.4) represent the boundary conditions (BC) for the Keldysh matrix function gˇKl . Equivalent
equations hold for the retarded (advanced) Green’s functions, gˇR(A), if the index K is replaced by indices R(A). We
can then write a boundary condition for the matrix Green’s function gˇ in a general form
(gˇr(l)∂xgˇr(l))|x=0 = iκh[τˆ3 ⊗ σˆ3, gˇr(l)] + κTT 2 + U2
[
Γˇαβ gˇl(r) Γˇ
†
αβ , gˇr(l)
]
(4.5)
This condition generalizes the Kuprianov-Lukichev (K-L) BCs38 for the case of spin-dependent transmission coeffi-
cients and in the presence of an effective exchange field h65. Eq. (4.5) is valid for the case when the tunneling matrix
elements T↑ and T↓ do not depend on momenta. In other words, no component of the momentum is conserved by
tunneling (diffusive interface). The physical meaning of the BCs (4.5) is rather simple. The first term stems from
finite exchange field in the vicinity of the Isf/S interface, while the second term on the r.h.s. is due to the tunneling
through the barrier with spin-dependent transmission coefficients T↑(↓). Note that in equilibrium, Eq. (4.5) is also
valid for the Matsubara Green’s functions gˇω.
We emphasize that the above derivation of the BC Eq. (4.5) cannot be regarded as a microscopic derivation.
However, these BCs give correct physical results, and hence they can be used, for example, for the calculations of the
tunnel current in SM/Isf/SM junctions and for the study the proximity effect in Isf/SM and other systems.
One can compare the BCs (4.5) with those obtained earlier for diffusive systems29,38. In the nonmagnetic case, i.
e. when the matrix Γˇαβ is a scalar − and h = 0, Eq.(4.5) coincides with the K-L BC38. If h 6= 0, the first term at
the r.h.s of Eq. (4.5) coincides with the third term in the r.h.s. of Eq.(61) of Ref.29. Moreover, If we assume that the
magnetization vectors in the superconductors are parallel to the z-axis then Γˇ00 = T + U τˆ3 ⊗ σˆ3 and we obtain:[
Γˇ00gˇlΓˇ
†
00, gˇr
]
= T 2 [gˇl, gˇr] + U2 [τˆ3 ⊗ σˆ3gˇlτˆ3 ⊗ σˆ3, gˇr] + T U [{τˆ3 ⊗ σˆ3, gˇl}, gˇr] . (4.6)
We see that the last term proportional to T U corresponds to the second term in the r.h.s of Eq.(61) of Ref.29. However,
as it was shown in our previous work36 this term does not contribute to the Josephson current. The first correction
9to the current due to the spin-filter is of the order U2 and described by the second term in Eq. (4.6). The latter
was neglected in Ref.29. This term is essential if one needs to describe spin-filtering effect. Just due to this term the
Josephson current is zero if either T↑ or T↓ is zero36. Notice that the BC condition derived in Ref.29 contains other
terms which are product of three Green’s functions, i.e. the higher order terms in the expansion with respect to the
tunneling coefficients T and U . The BCs (4.2,4.4) also describe an interface between different materials with, for
example, different effective masses. In two recent works60,61 the BCs at an interface between different materials in a
ballistic case were derived using another approach.
As an example, we use the derived boundary conditions (4.2,4.4) to study the proximity effect in a simple N/Isf/S
system with a spin-filtering barrier. We assume a weak proximity effect and hence a small amplitude of the condensate
function fˇN induced in the normal metal. We then can write gˇN = τˆ3 ⊗ σˆ0 + fˇN . The linearized BC (4.2) acquires
the form
∂xfˇN |x=0− = − κTT 2 + U2 Γˇ00fˇSΓˇ
†
00 = −rκT fS . (4.7)
where fˇ
R(A)
S = τˆ2⊗ σˆ3fR(A)S , fR(A)S = ∆/
√
∆2 − (± iγ)2 is the amplitude of the quasiclassical anomalous (Gor’kov’s)
Green’s function in the S superconductor and Γˇ00 = T + U τˆ3 ⊗ σˆ3. We have defined the spin-filter parameter as
r = (2T↑T↓)/(T 2↑ + T 2↓ ). The latter is related to the spin-filter efficiency Pb of the spin-filter barrier by the expression
r =
√
1− P 2b . For a barrier transparent only for one spin direction r = 0, while for a non-magnetic one r = 1.
The condensate in the normal metal has the same matrix structure as in S, fˇN = τˆ2 ⊗ σˆ3fN , where the amplitude
fN is found from the linearized Usadel equation
∂2xxfN − κ2fN |R(A) = 0 (4.8)
complemented with the BC (4.7). The solution of Eq.(4.8) can be easily written
fN (x) = r(κT /κ)fS exp(κx) , (4.9)
where κ2 |R(A) = ∓2i/D. Thus, the amplitude fN of the induced condensate is proportional to spin-filter parameter
r. In particular the proximity effect is completely suppressed if the barrier is fully spin-polarizing (r = 0). Although
this result is quite obvious, it has not been obtained in any previous work.
Now consider the case when a voltage difference V is applied to the N/Isf/S junction. Such a situation was studied
both experimentally52,5366 and theoretically49–51,57–59. It was observed that a zero-bias peak arises in the voltage
dependence of the conductance. The origin of these peak is the induced condensate in the normal metal. In this case,
the tunnel current consists not only of the usual quasiparticle current, but also of the current which is proportional
to product of the condensate amplitudes in S and N electrodes and to the applied voltage V . We now calculate this
conductance in the presence of a spin-filter barrier.
The subgap current, which describes charge transfer below the superconducting gap, can be obtained from Eq.(2.10)
Isg = (32eRN )
−1
∫
dTr
{
nV τˆ0 ⊗ σˆ0[(fˇRl + fˇAl )(fˇRr + fˇAr )]
}
. (4.10)
At low energies ( ∼ eV  ∆) one has fˇRr ≈ fˇAr ≈ −τˆ2 ⊗ σˆ3 and fˇR(A)l ≈ −r[(κT ξT )(1 ± i)
√
2T/||]τˆ2 ⊗ σˆ3,
ξT =
√
D/(2T ). For the normalize differential conductance, Gsg = RNdIsg/dV , we obtain
Gsg =
√
1− P 2b (κT ξT /16)J(V ) , (4.11)
where we have use the fact that r =
√
1− P 2b . Here J(V ) =
∫
d[dnV /d(eV )]
√
2T/. For V = 0 one has J(0) ≈ 3.41,
whereas in the limiting case of low temperatures (V  T ), one obtains J(V ) ≈√2T/eV . It is clear from Eq. (4.10)
that spin-filtering suppresses the subgap conductance. In Fig.(4) we plot the voltage dependence of the normalized
differential conductance taking into account the contribution of the quasiparticle and subgap currents given in Eq.(??)
and Eq.(4.10) respectively.
V. CONCLUSIONS
We have studied the transport properties of a generic Xl/Isf/Xr junction with a spin-filter tunneling barrier Isf .
The electrodes Xl,r can be a normal metal, a ferromagnet, or a superconductor with or without a build-in exchange
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FIG. 4: The voltage dependence of the normalized conductance G, for a N/Isf/SM junction, calculated from Eqs.(??,4.10).
We set κT
√
D/∆0 = 0.25 and T = 0 in the left panel and T/Tc = 0.1 in the right one. By calculating the curves we have
added a small γ = 0.01∆0 as damping factor.
field. We have derived a general expression for the tunneling conductance, Eq. (3.4), which is valid for arbitrary value
of the exchange fields and the angles between the magnetizations. This expression generalizes the well known results
for normal multilayer systems with collinear magnetization and shows how the conductance depends on the mutual
orientation of the magnetization of the electrodes and the magnetic barrier, the spin-filter parameter and the spin-
dependent density of the states in the normal and superconducting electrodes. We also have derived new boundary
conditions for the quasiclassical Green’s functions taking into account the spin-filter effect. By using these boundary
conditions we have studied the proximity effect in N/Isf/S system and showed that spin-filtering suppresses the
amplitude of the condensate in the normal layer. In particular we show that the sub gap conductance of the N/Isf/S
junction is suppressed due to the spin-filter effect by a factor
√
1− P 2b , where Pb is the spin-filter efficiency parameter.
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